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Introduction 


In 1984 Knizhnik and Zamolodchikov derived differential equations for conformal blocks for the 
Wess-Zumino-Witten conformal field theory. These remarkable equations are now known as the 
Knizhnik-Zamolodchikov (KZ) equations. 

A few years later Kohno and Drinfeld considered the monodromy of the KZ equations, and 
showed that it is given by R-matrices for the corresponding quantum group. This theorem is called 
the Drinfeld-Kohno theorem. 


In 1992, in the pioneering work |FR92], Frenkel and Reshetikhin generalized the notion of 
conformal blocks to the q-deformed case, and proposed a q-deformed version of the Knizhnik- 
Zamolodchikov equations - the so called qKZ equations, which are no longer differential but rather 
q-difference equations. Furthermore, they calculated the connection (= q-monodromy) of these 
equations in a particular case, and showed that they coincide with certain elliptic solutions of 
the star-triangle relations known in statistical mechanics. On the basis of these calculations, they 
conjectured that the Drinfeld-Kohno theorem for KZ equations should have a q-analog, saying that 
connection matrices of qKZ equations should be R-matrices of an appropriate elliptic quantum 
group. This statement had to remain a conjecture, since at that time there was no sensible dehnition 
of elliptic quantum groups. 


A successful theory of elliptic quantum groups began with the work of Felder [ Fel94 |. In this 
work it was realized for the first time that the main equation in this theory is not the usual quantum 
Yang-Baxter equation, but rather the dynamical quantum Yang-Baxter equation (DQYBE), which 
appeared earlier in physics literature. In particular, Felder defined elliptic quantum groups of type 
A, using the corresponding solutions of the DQYBE. 

After this development, it became possible to formulate the Erenkel-Reshetikhin conjecture 
precisely (at least in type A) : the connection matrices for qKZ equations are R-matrices for 


Eelder’s elliptic quantum groups. This was proved by Tarasov and Varchenko first for 5 I 2 [ TV97 | 
and then for sQ+i (to be published), using a rather sophisticated theory of integral formulas. 

A different approach to this conjecture became possible after works of Etingof and Varchenko 
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| EV99 |, where the so-called exchange construction was developed. Using this approach, it is possible 
to derive the general formulation of the Frenkel-Reshetikhin conjecture from its version in a very 
simple special case - in the tensor product of two copies of the vector representation of sin+i- This 
special case can be handled by means of the classical theory of the q-hypergeometric function 
exactly as it was done in [ FR92|| . 


The development of this special case in full detail is the main goal of this paper. It seems that 
it has not been done previously, although the ideas behind it have certainly been known for a long 
time. We plan to consider the general case and other applications in a separate publication. 


The structure of this paper is as follows. 


In section 1, we hx the basic notation, recall some definitions and known facts, and state the 
main results, which are the formula for the exchange matrix and the sequence of gauge transforma¬ 
tions | FV9j ] that transforms it into Felder’s solution.We note that one of the gauge transformations 
needed is multiplication by a scalar function which is a product of elliptic gamma functions of Felder 
and Varchenko FelV99|]; the meaning of its appearance in this context is not clear to us. 


The other sections contain the proofs of these results. Namely, in Section 2 we calculate the 
action of the universal R-matrix of [/^(sln+i) on the product of vector representations and solve the 
q-Knizhnik-Zamolodchikov equations, while in Section 3 we obtain the elliptic dynamical R-matrix 
through the exchange construction. Some of the intermediate proofs, which are straightforward, 
but lengthy, are in the appendix. We also included in the appendix the standard facts and formulas 
which are used througout the paper. We note that while performing the calculations we found a 
number of computational errors in some previous publications. They are listed in the last section 
of the appendix. 


Acknowledgements. The problem solved in this paper was suggested to me by professor P. 
Etingof during my visit to MIT as a Ph.D student. It is motivated by his work with A. Varchenko 
|EV98, |EV99|] . I would like to thank professor Etingof, not only for suggesting the problem, but 
also for all helpful explanations. 


1 The Main Theorems 

1.1 Recalling Definitions and Fixing Notation 

Consider g = s[,i+i(C) acting naturally on U = Let {uq, ..., u„} be the canonical basis of V 

and Eij be the elementary matrix having 0 in all of its entries except in the ij-th which is 1 and set 
hi = Ei-i^i-i — Ei^i, Ci = Ei-i^i, fi = Ei^i-i. Denote by <, > the invariant bilinear form normalized 
that < ai,ai >= 2 for simple roots {i = l,...,n). The dominant weights are {wj = h*}, the 
Coxeter number is fi = n + 1 and p = The highest weight vector of V is vq and its weight is 

LOi, Vn has weight —a;„ and the others Vm have weight pm = >^m+i — ^m- 

Sometimes it will be more convenient to identify f) with a subspace of setting hi = 

(0,0,... , li-i, -li,0,... ,0) G C”+^. Then <, > is just < (Aq, ... , A^), (po, ■ ■ ■, hn) >= E and 
we use it to identify I)* with 1). In appendix ^ we collect some useful formulas like < jj-m, hi > 
obtained easily from this identification. 

Let (ttij) be the extended Cartan matrix corresponding to sl„+i where c will denote the 
central element. Then the quantum group C/g(sln+i) is the algebra generated by q*''^,q^,ei, fi, 
i = 0,... ,n,t G C, h G with relations 
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where Hg = g _ g-i ’ [m]g! = Hq[m - l]g ... [l]g 

C/g(5[n+i) is a quasi-triangular Hopf algebra whose structure maps are given by 


^{q^) = q’^ ® q^, A(ei) = Cj 0 + 1 0 e*, A(/i) = /^ 0 1 + g 0 /* 

= 1 , e(ei) = e(/i) = 0 

5(g") = g-\ 5(e,) =-e^g-'h S(/,) =-g'^ 7 * 

The universal R-matrix is of the form 

^ ^ ^C®rf+C®C+E Xi^Xi ^ 

where {xi} is an orthonormal basis for [), {uj} is a basis for Uq{n~^) and {a^} is the dual basis for 
Uq{n-). 


1.2 Quantum Dynamical Yang-Baxter Equation with Spectral Parameter 


Let 1) be a finite dimensional abelian Lie algebra over C, R be a finite dimensional semisimple 
f)-module and 7 G C*. The quantum dynamical Yang-Baxter equation with spectral parameter and 
step 7 is 

R^‘^{ui — U 2 , A — — tt 3 , X)R^^{u 2 — U 3 , A — 7 / 1 *'^^) 

= R^^{u 2 - U 3 , X)R^^{ui - U 3 , A - 'yh^^^)R^‘^{ui - U 2 , A) (1.1) 

with respect to a meromorphic function R : C x 1)* ^ End(R 0 V). The notation is standard 
and means that, for example, — tt 2 , X — 'yh^^^){vi 0 ^ 20 x 3 ) = [R{ui — U 2 , A — 7 /i)(ui 0 x 2 )) 0 x 3 

if U 3 has weight /i. Zero-weight solutions of ( |1 . ![) are called quantum dynamical R-matrices. 

Solutions of the form 


R(u, A) — ^ ^ /(u, X^E^Yi^YTi 0 Ei^i T E /(ti, X)Ei ,fYi ® E^ i 

m^l m^l 


are said to be of type. Felder [Fel94] found the interesting elliptic solutions 


E ^771,171 ^ “1“ ^ ^ Cx{u^ ^ “1“ P{u •) ^m,l )Rl,m ® ^m,l 

m^l 


m=0 
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with 


( + , ^ 9 i( 7 ;r) - A;r) 

^ M^;r) Mu-r,r) ^ ^9i(A;t) ^ 1 (^- 7 ; r) 

where Xm,i = Am — A;, and -di is the standard first theta function (|B.5[) . 


In | EV9^ ], Etingof and Varchenko introduced gauge transformations of quantum dynamical 
R-matrices of type. We list three gauge transformations that will be important for us. 

R{u, A) 1 -^ c{u)R{u, A) (1-2) 

where c{u) is a holomorphic scalar function; 

R{u, X) R{au,bX + fJ-) (1-3) 

where a,b € C* and /ref)*; 

R{u, A) 1 -^ 

n 

X)Em,m ® Em,m ^ ^ (A)rrm,/ X') Eyyi^yyi 0 El l “b X^Ei ^j^ E^ i ( 1 . 4 ) 

m =0 m^l 

where {ipm,i{X)} is a 7 -closed 2 form as defined in | EV9^ . 

The only one that changes the step is the second. It sends 7 to 7 / 6 . 


1.3 Fusion and Exchange Construction 


One way of constructing solutions of (1.1) is through the so called exchange construction that we 
briefly recall now. Let Mx be the Verma module over Uq{Q). For generic A and q it is irreducible. 
Consider the induced t/g(g)-module 


Mx,k = Uq{g) 'S>Ug(^>o) Mx 

where Uq{Q-^) acts on Mx by eo = 0 , for some scalar k (the level of the representation) 

and q^ = q~‘^ where 

. . <A, A + 2p > 

A = Afc(A) =--- K = k + h 

ZKj 

For generic A and k, Mx^k is irreducible as t/q(g)-module. Then we consider intertwining operators 
<l>(z) : Mx^k —> Mfj^^k'^y(z) where V{z) is an evaluation representation of Uq(g). We have the 
following characterization ||EFK98| , [FR92| ; 

Theorem 1.1. Let Mx,M^ be irreducible Verma modules over Uq{g) and k € C* such that 
Mx^k,Mfj_^k are irreducible. For every 17q(0)-intertwiner cp : Mx M^ 0 V, there is a unique 
Uq ('g)-intertwiner 

^tiz) : Mx,k ^ M^^k®V{z) 

such that for any degree-zero vector w (i.e., w G Mx^), the degree-zero component of ^'^{z)w is 
ifw. The same holds with V[z, z~^]. 


Proposition 1.2. The operator 

l>^ := z-^<P^(z) : Mx,k ^ M^^k^z-^V[z, z-^] 
is a t/g(g)-intertwiner if and only if A = Afc(A) — Afc(/i). 
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Given an intertwiner (p : M\ —> G V where G is a finite dimensional representation of Uq{Q), 

the vector < p >£ V defined by 

< if >=< v*^,ipvx > 

where v\ is the highest weight vector of M\ and v* is the lowest weight vector of the restricted dual 


M* is called the expectation value of p. In the same lines of theorem 1.1 one shows that <> is an 


isomorphism Hom[/^(g)(M;^, 0 F) —F[A — p] (see [ ES99|| ). Then, given a homogeneous vector 

u G F, there is a unique 17g(0)-intertwiner : Mx ® F such that < u*, p'^x'^x >= v where 

/i = A — weight (u). Given two homogeneous vectors v, w we denote by the unique intertwiner 
given by the composition ® operator J(A)(u ® w) =< > is called the 

fusion matrix. We will denote $^^( 2 ;) by $^^( 2 ) and by {zi/Z 2 ) the the composition 


The correlation function associated to ( 21 / 22 ) is 




.-ll 


T);7(2i, 22) =< <,<i>f,-(2l/22)uA > 


A,fc 


It is of the form 


'I'S”(21.^2) = 2r'"‘22-^Vl®”(2i/22) 


where Jx%^iz) is a meromorphic function on C regular at 0. Then we can consider the fusion 
matrix with spectral parameter, Jfc(u, A) G End(F G) F), given by 


Mn,X){v0w) = Jl%^izi/z2) 

where = 21 / 22 , and define the exchange matrix 

Rk{u,X) = Jk{u,X)-^'JZ^^\v(z 2 )<s>V{zi)Jk^{u,X) 


(1.5) 


( 1 . 6 ) 


The fact that Rk is really a function of u follows from that it is true for \v{z2)^v(zi) [ EFK98 |. 
Then one shows [|EV99|1 that Rk{u, A) is a solution of the quantum dynamical Yang-Baxter equation 
( 0 ) (with step 1). 


1.4 Statement of the Main Theorems 

We state now the formula for the exchange matrix Rk{u,X) for the standard representation of 
Uq{5ln+i) and give the sequence of gauge transformations that transforms it in Felder’s elliptic 
solution for the proper parameters. 

Theorem 1.3. 

Rk{u,X) = x{u,r,-f) X 

n 

'y ^ Rm,m G) Em + E ^ m,l 


m=0 

where 


l^m 


n re(-u + r, (n + l)7,r) re(u + 7, (n + 1)7, r) 
7(w,r,7) = g-+i- 


Tei-u + r + 7, (n + 1)7, r) re(ri, (n + 1)7, r) 


a{u, A) = 


t?i(A + 7;r) -di(n;r) 
??i(A;r) -di(tt-7;r) 


(3iu,X) = 


'^iju - A;r) 
??i(A;r) 'di{u - 7;r) 


5 












1 


(Tl^m{\k) = q 




^p( K P)l,rn) 


and am,i{X,k) 


k) 


for m < 1. Here p = q |g| < 1, \p\ < 1, r = 7 = —^ -di is the standard 

first theta function (|B.5| ), Fg is the g-gamma function ( |B.lD and Tg is the elliptic gamma function 

Q). 


Remark: We will assume throughout the paper that |g| < 1 and \p\ < 1. One can manage to write 
similar formulas for the other three regions |g| < 1 < \p\, |p| < 1 < |g| and |g| > 1 , \p\ > 1 , writing 
the infinite products and series involved in the right convergence region, but should be warned that 
it is not just a matter of changing signs of r and 7 accordingly in theorem |1.3| . 

Theorem 1.4. Rk{u, A) is gauge equivalent to Felder’s elliptic solution A) for 7 and r given 

in theorem |1.3|. The sequence of gauge transformations is 


1. gauge transformation ( 0 ) with c(n) = x(u,r, 7) 

2. gauge transformation (10 with a = 1, 6 = 1/7 and p = —p; 


3. gauge transformation (1.4) with ~ P^k). 


Remark: Etingof and Varchenko [ EV98(| classified the dynamical R-matrices of 0 l„+i type up to 
gauge transformations, when 7 is regarded as a formal parameter (in the case of elliptic quasiclas- 
sical limit). The answer is that all solutions are gauge equivalent to Felder’s solution. It is believed 
that in the analytic, rather than formal, situation the classification still holds, which shows why 
Theorem 1.4 (with some form of gauge transformations) is to be expected a priori. Nevertheless, 
these arguments cannot be used for proving Theorem |1.4| , since the results of |EV98| are proved 
only in the formal case. Besides, it is useful to have the precise formula for Rk{u, A) and the cor¬ 
responding sequence of gauge transformations, rather than just an existence result for such gauge 
transformations. 


2 The q-Knizhnik-Zamolodchikov Equations 

2.1 Action of the Universal R-matrix of Ug{sln+i) on Evaluation Representations 


For z € C* let be the automorphism of Uq(g) given by Dz(eo) = zcq, Dz{fo) = fo and the 
identity on the other generators. Jimbo [|J86(] (see also [ EFK98| ]) proved the existence of an algebra 
morphism p : UgQ) —> Uq{Q) (not a Hopf algebra morphism and only for g = 5 (^+ 1 ). Then, if V is 
a finite dimensional representation of Uq{g), the composition pz = p o induces a representation 
of Uq(g) in V, which is the g-analogue of the evaluation representation of g in V and is denoted 
by V{z). The element c acts as 0 on such evaluation representations. Therefore the action of 
TZ is well defined on V{x) (S> W{y) and is given by a power series Yiv,w{x/y)- It can be shown 
that this series is convergent in the region |x| << |y|, is regular at 0 and admits a meromorphic 
continuation to x/y € C. It is convenient to work with the renormalized R-matrix given by the 
following proposition [|EFK9S] : 


Proposition 2.1. Let V,W be irreducible evaluation representations of Uq{g). Then 


R 


■v,w{z) = fv,wiz)Rv,w{z) 


6 


















where fv,w is a scalar function meromorphic in C, regular at 0 with fv,wiO) 7 ^ 0 and the matrix 
elements of Rv,w{z) are rational functions of 2 : regular at 0 and such that Rv,w{z){vo®wo) = vo 0 wo 
where vo,wo are the highest weight vectors of V and W as C/g( 0 )-modules. Furthermore, if jgl < 1, 
fv,w can be represented as 

00 

fv,wiz) = Qv,w{q‘^^'^z) 

j=0 

where A and /r are the highest weights of V and W and Qv,w is a rational function such that 
QV,w{^) = 1 - 


Remark: We refer to | EFK98 | for the proof. We just recall that qv,w is given by the equation 

q{z) (((R(2)-^)*i)-1)‘i = {q^P ® l)R{q^Pz){q-^P ® 1) (2.1) 

where ^ a* 0 6 * if T = '^ai®b i is a linear map V ^ V W. 


Proposition 2.2. | EFK98 | Let U, V, W be irreducible evaluation representations of Uq(g), then R 
satisfies the quantum Yang-Baxter equation with spectral parameter 


Ru,v{z)Ru,w{zw)Rv,w{w) = Rv,w{w)Ru,w{zw)Ru,v{z) ( 2 . 2 ) 

and the unitary property 

PRwy{z)PRv,w{z~^) = 1 (2-3) 

where P is the flip map. 


The map PRv,w{x/y) is an intertwiner V{x) ®W{y) —> W{y) (8) Y(x). We now calculate the 
action of this intertwiner when V = W is the standard representation of Uq{5ln+i)- First note that 
the weight decomposition of Y (8 Y is 

n n—l 

V ® V = ^ ^ Vm,m ® 'y ^ ^m,l 

m=0 0=m<l 

where Vm,m = C{vm ® Vm) and Vm,i = C{vm (8) vi) © C{vi © Vm)- PR{x/y) is completely determined 
by the properties of being an intertwiner and PR{x/y){vo ® vq) = uq © vq. 

Proposition 2.3. Let 2; = xjy and m < 1. The action of R{z) in V{x) © V{y) is given by : 

R{z){Vm © Vm) =Vm®Vm 

R{z){Vm © Vl) = i{z) {Vm © Vl) + r]{z) Z {Vl © Vm) 

R{z){vi © Vm) = riiz) {Vm © Vi) + ^(z) (vi © Vm) 

where 

^( 2 ) = ^ and r]{z) = -—^ (2.4) 

q — q '-z q — q '-z 

The proof is in appendix 

It is convenient to write R{z) in the form 

n 

m = E Ei,i © Ei,i + ^{z) ^ y ^ Ei^i © Ejj + Ejj © Ei^j^ + Tji^z) ^ y ^ zEj^i © Eij + Eij © Ej^^j 
i=0 j>i j>i 
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We now calculate Qn+i = Qv,v- We see that deti?(z) = — zr]{z)‘^ is the determinant of 

R{z) in the weight spaces Vm,i- Then we have 

{R{z) ) ^ Ei^i (g) Ei^i + , , R(z) ( ^ 

i=0 ^ ^ 


j>i 


dl^R{z) ( ^ ® ^ ® 

'' ^ j>i 


Now observe that the invariant subspaces of this operator are V= = 
C{vi ® Vj) and that the action on V= is given by the matrix 


Vi) and VijLj = 


Tn+i — 


( 1 zp{z) 
p{z) 1 

\p{z) ■ ■■ 


zp{z)\ 

zp{z) 

^ J (n+l)x(n+l) 


where p{z) = — 


yjz) ^ l-q^ 

det R{z) 1 — q'^z 


(2.5) 


From here it is easy to see that (apply (|2.lJ) to uq (g) uq) 

det Tn+i 


Qn+l — 


det T„ 


After calculating this expression (see appendix ^ for details) we get 

(l-z)(l- 

Qn-\-l\^) /-| 2T7i ‘In \ 

(1 — zq^){l — zq^^) 

Finally we have the expression for fyy = /n+i 

oo 

fn+l{z) = q^ tJ Qn+l{q‘^^^'^^^^z) 
j=0 


( 2 . 6 ) 


(2.7) 


Remark: Recall that =< > (appendix^). For 5(2 we have Q 2 {z) = ^ 

more general formula for s [2 can be found in ||EFK98(| . 

To extend the evaluation representation V{z) to the whole Uq{Q) we consider z~^V[z,z~^] = 
V 0 z~^C[z, z~^] where Uq(g) acts as on V{z) (considering z as a variable and not a number) and 
will act as z-^. 


2.2 Correlation Functions 


If we begin with Vi 0 Vj G Vm,i ii,j G we have an intertwiner 


where p = X — {pm + Pi)- The correlation function (x, y) (associated to (y/x)) lies in 

x“^iy~^^Fm,z[[y/x]] (see PR92| , [EFK98| ), where 

Ai = Afc(A pj) Afc(A (/i; + Pm)) A2 = Afc(A) Afc(A pj) 


,-ii 
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and the constant term in Vm,i^y/x\\ is equal to J{X){vi ® vj). 

Remark: The fusion matrix J(A) is given in appendix ^ 

The following fundamental theorem was derived in [ FR92[| (see also [|EFK9^ ) 


Theorem 2.4. The correlation functions T 


Vi^Vj 


^ ^ ^ satisfies the q-Knizhnik-Zamolodchikov equations 

_ „'^+A‘+2p-p2,l / ,—1, 


^{x,py) = 

where p = and means that the action is on the i-th component. 


Remark: Recall that we will assume later (to deduce equation ( |2.13| ) bellow for example) that 
\p\ < 1, which is really a condition over k in the end. 

Since satishes the q-Knizhnik-Zamolodchikov equations, we call it a fusion solution. 

The nontrivial information about the solutions of the q-Knizhnik-Zamolodchikov equations is 
concentrated in the modified q-Knizhnik-Zamolodchikov equations 

^ipx,y) = 

T(x,py) = R^’^{py/x)q^^:^^^""‘^P^{x,y) (2.8) 

obtained from the original replacing R by R (notice we used the unitary property of R to write 
the modified system). 

Denote by 'F™^^(x,?/) the solutions of the q-Knizhnik-Zamolodchikov equations in the weight 
spaces Vm,i- The solutions of the original equations are given by 

= <T(®,y)T™fc(x,y) (2.9) 

where 'F™^^(x,y) are the solutions of the modified equations and G is a scalar function satisfying 

G{x, y) = f{y/x)G{px, y) G{x,py) = f{py/x)G{x, y) (2.10) 

where / is given by e 

C30 

fn+i{z) = q^g{z) and g{z) = z) (2.11) 

i=o 

Then equation ( |2.10D can be writen as 

_ n _ n 

G{x,y)=p g{y/x)G{px,y) G{x,py)=p g{py/x)G{x,y) 

whose solution is 

n 

G{x,y) = (x/y)2-(-+i)/i(?//x) (2.12) 

where 

OO OO 

Hz) = llgip^^H)-^ = n ^„+i(g 2 i(n+iy+i^)-i (2.13) 

/=0 j,l=0 


Remark: If we were supposing that \p\ > 1 (but still |g| < 1), the correct expression for h{z) 
would be h{z) = H- section we express f{z~^) in term of elliptic gamma 

functions. 
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2.3 Fusion Solutions of the q-Knizhnik-Zamolodchikov Equations 


We now solve the q-Knizhnik-Zamolodchikov equations for the standard representation of Uq{5{n+i) 
taking values in the weight spaces Vra,u ^ 0 - When it does not cause confusion, we will drop 
the indices X, k, m, I. We define 


A = A 1 + A 2 


< 2 A— ) + 2 p,/^Tyi+/Jf > 

2k, 


W 


<X+p,fii- 

fJ^m >_ 

2k 


+ P)hni 


(2.14) 


If m = / one easily sees that the solution of (|2.8|) in the space Vm,m is 

y) = {xy)~^/'^Vm ® Vm 

up to multiplication by a pseudo-constant C(z), i.e., C{pz) = C{z). Then T(x,y) = G{x,y)'if{x,y) 
is the fusion solution in this space since 

^ix,y) = h{y/x){vm ® Vm) (2.15) 

and J{X){Vm ® Vm) =Vm® Vm- 


Now we fix m < 1. Combining the 2 modified q-Knizhnik-Zamolodchikov equations one easily 
sees that 

^{px,py) =p~^^{x,y) 

Hence 

and il}{z) satisfies 


^{x,y) = {xy) ^/‘^'4){x/y) 


2 A — + )+ 2 p 

= R{z)iij{z) 


i’ipz) = p ' P(^i) 


We write 


i>{z) = ljji{z){Vm ® Vi) + ll^2{z){vi ® Vm) 
and use proposition ^ to get the following system 

Mz] 

i^ 2 {z] 


\'lp 2 {pz 

where ^,77 are given by (p.4|). 


('ipi{pz)'\ ^ ( i{z)p^ r]{z)p^ 
zr]{z)p~'^ ^{z)p~ 


(2.16) 


Then one reduces this system to the following equation for 

{q~^pz - q)i>i{p‘^z) -h {p^ +p~'^ - {p^^^ + p~'^)z)'il:i{pz) + {qz - g“^)'0i(z) = 0 (2.17) 

which is a second order difference equation as considered in appendix^ (see proposition |A.lj ). In 
our case 

Ao = q~^p, Ai = +p~^), A2 = q, Bq =-q, Bi = {p^+p~^), B2 =-q~^ 

and we have two sets of solutions, {ui,ri, Si,ti), all given up to the sum of an integer multiple of 
and also up to interchange r and s in each set 


Ui = -w + ^ n = 4 1 Si = - 2t*7 ti = -2w + 1 

U2 = W + ^ r2 = ^ S2 = ^ + 2w + 1 t2 = 2w + l 


(2.18) 


Since fusion solutions lie in x~^^y~^^ '^m,i[[y/x\\, instead of taking the solutions of the corre¬ 
sponding q-hypergeometric equations which are regular at z = 0, we take their quasimeromorphic 
solutions given by proposition [A.2|. Now we are ready to state 
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Proposition 2.5. The fusion solutions of the q-Knizhnik-Zamolodchikov equations for the stan¬ 
dard representation of Uq{5\n+i) are 


^ h{y/x){Vm <^Vm) 

if m = I and, for m < I 

^ [xy)~^/‘^{x/y) h{y/x){^|)^^\x/y){v„^®Vl)+ ^l)^^\x/y){vi®Vrn)^ 

= {xy)~^/‘^{x/yY^^^+'^') h{y/x)(^i)f\x/y){vn^®vi) + 'il)f\x/y){vi®vrn)^ 


where 


i^?{x/y) = 

V’f) (x/y) = 6 {xly)-^-^l^-{y/x) 2 (l>i , pi+2-+V-, p 2 (^+i). p^-il^^yjx) 

Ai)t^\ _ - (1 - 

V 2 \^) ~ _ _i 


A = 


< 2A — {firn + W) + 2p, fJ-rri + W > 


2 k 


ro = 


< A + p, y; - /Tm > 
2 k 


€ = 


q-q 


-1 


1 _ p-(2ro-|-l) 


p = q and h{y/x) is given by (2.13). 


Proof. We already know that these are solutions of the q-Knizhnik-Zamolodchikov equations. 
Hence we are left to check that they are fusion solutions. Begin with the trivial observation 
that x~^^y~^^ = {xy)~^ (x/y) Now notice that _AvzAi — ^ respectively for 

and Recalling the expressions for < pm, fJ‘i > in appendix ^ we are left to check 

if the degree zero components in Hm,z[[y/3;]] coincide with the corresponding expectation values. 
For m = I we have already done it. For the two-dimensional weight spaces, one hrst notices that, 
though the expressions for seem to contain a term in x/y, they actually cancel in both cases. 
In the case of it is clear that the degree zero coefficient in the direction of Vm ® vi van¬ 

ishes. Therefore we just have to multiply by a constant (1 and e respectively) to get the predicted 
expectation values. □ 


2.4 Intertwined Fusion Solutions 

Let T be the correlation function associated to an intertwiner 

($1 (g) 1)$2 : Mx,k M^,fc(g)x“^W[x,x"^](8)y"^W[y,y“^] 


and set 

4>{y,x) = PR{x/y)^{x,y) 

As an immediate consequence of the q-Knizhnik-Zamolodchikov equations for T we get 

Proposition 2.6. 

(p{py,x) = f{py/x)q^^^~^^^^^‘'’^'^^'^R{y/x)(t>{y,x) 

(j)iy,px) = 


where / is given by (2.7). 
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One easily recognizes now that 4>{y,x) = G(x, y)'h(y, x), where G is the same given by ( 2 . 12 | ) 
and ^{y,x) is the corresponding solution of the modified q-Knizhnik-Zamolodchikov equations in¬ 
tertwined, i.e., with X, y interchanged. Therefore we can calculate the (intertwined) fusion solutions 
'k as linear combination (up to multiplication by of the solutions of the (not intertwined) 

modified q-Knizhnik-Zamolodchikov equations using its solutions around xjy = 0 after multiplying 
them by PR{x/y). We recall what these solutions were ( |2.18| ) 

{xy)-^IHf\x/y) = {xy)-^l\x/yr+^/^-2ct>i{p^/\p^^^^^^'^,P^^^^-,P.p-^/^x/^ (2.19) 

P~^{q — q~^ z)4>^\pz) — (1 — z)ip^\z) 


'^ 2 ^{z) = 


q-q 


-1 


Now, in the same way we proved proposition we see that the following are the fusion solutions 
of the “intertwined” q-Knizhnik-Zamolodchikov equations 


^ A/ 2 ('y/ 3 ,) 2 «(n+l) h{x/y){vm ®Vm) (2.20) 

if m = / and, for m < I 

= ei (xy)(y/x) 2 «("+i) h{x/y) (jpi(y/x)(v^ 0 vi) +'ip 2 ^^\y/x){vi (g) u^)) ( 2 . 21 ) 
= h{xy)~^/‘^{y/x)^'-(^+^) h{x/y)[xi)i^\y/x){vm®vi) Pi)f\y/x){vi (g) Vm)j ( 2 . 22 ) 

where 

= {x/y)y{x/y)'ip^^\x/y) + i{x/y)i)f{x/y) 

= i{x/y)'ip^^\x/y) + y{x/y)i)f{x/y) 

h = , h = q and y are given by (^ . 


3 Monodromy and the Elliptic Quantum Dynamical R-Matrix 


3.1 The Exchange Matrix for Intertwiner Operators 

The [/q( 0 )-intertwiner (x/y) : M\^k M^l,kgy[y,y~^]gV[x,x~^\, which is analytic in the 
region \y\ » |x| can be analytically continued to a meromorphic one in the region |y| << |x|. We 
still denote the analytic continuation by (x/y). Therefore, the product Pi?(y/x)<l>^®“’(x/y) is 
a C/g('g)-intertwiner M\^k x~^]gV[y, y~^]. Hence it must be of the form <k^^^^®’^^(y/x) 

for some operator .Bfc(x/y, A) \V gV -^VgV. We call the operator 

Bkiz,X) = Bkiz,X)P 

the unitary exchange matrix since it satisfies the unitary condition 

Bl\z,X)Bkiz-\X) = l (3.1) 


The (“non unitary”) exchange matrix constructed in section 1.3 is given by 

Rk{u,X) = f{z~^)Bk{z,X) 

where z = xjy = and / is given by proposition | 2 . 1 |. 


(3.2) 
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3.2 A Formula for the Exchange Matrix through Monodromy 


We now calculate the exchange matrix for the standard representation of C/g(sl„+i). We 

begin by the “twisted” unitary exchange matrix Bk{z,X). Since there is no risk of confusion 
we will drop the sub-indices X,k. So we consider the C/g(s[n-i-i)-intertwiners (y/x) and 

j_ pji(^ylx)<^'^i®'"i{x/y) and their expectation values 


From proposition and equations (p.l9D , (|2.20 ),( 2.21 ) and (p.22 ) we find the expectation values 
in Vm,i (we just have to erase the from the corresponding solutions of the q-Knizhnik- 


Zamolodchikov equations). For the 1-dimensional weight spaces 14n,m we have 


J (y/x) = h{y/x)vm ® Vm while J(y/ x) = h{x/y)vm ® v„ 


Hence 


Now, for m < I 


Bk{x/y,X){Vm ® Urn) 


h{x/y) 

h{y/x) 


Vm ® Vm 


where 


and 


where 


{y / x) = h{y/x){j\^\x/y){Vm ® Vl) + j!^\x/y){vi ® Vm)) 
{y I x) = h{y/x)[jf\x/y){vm ®vi) + jf\x/y){vi 0 Um)) 

jP(z) = 

t ( i )^ ^ - q~^z)j\^\pz) - (1 - z)/^\z) 

•^2 (^)- y_y-i 

7 ( 1 )^ ^ _ q-^z)jf‘\pz) - (1 - z)jf\z) 

-^2 y_y-i 

J^rn^'>’l(ylx) = h{x/y){j[^\x/y){Vm <S)Vl) + {x/y){vi ®Vm)) 
J^l’^^^[y/x) = h{x/y){jf\x/y){vm®vi) + jf\x/y){vi®Vm)) 

J?{z) = 
jf\z) = 

t( 1)7 ^ _ q-^z)J^l\pz) - (1 - z)j[^\z) 

•^2 (^i- y_y-l 

1(2)7 ^ - q~^z)j[^\pz) - (1 - z)j[^\z) 

•^2 ~ _ 1 
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Now we use theorem |A.3| to write J\ as a combination of 


r(b 


automatically be done for J, 


(b 


Of course that the same will 


^( 1 ).^ ^ Tp{l-2w)Tp{l + 2w) e{zp-'^^;p) (i) 

r,(i + 1/K)r,(i - 1 / k ) 0(zp-V- p) 

rp(l - 2ro)rp(-l - 2 w) Q{zp-,p) £^j( 2 ) . X 
Tp{—2w + 1/k)Tp{—2w — 1/k) Q{zp~^/^-,p) e ^ 


t( 2 ).x_ rp(l + 2 OT)rp(l + 2 ro) _ Q{z-,p) ( 1 ) 

^ Tp{2w + 1 + 1/K)Tp{2w + 1 — 1 /k) Q{zp~^/'^]p) ^ ^ 

rp(l + 2 ro)rp(-l - 2 ro) Q(V+^”;p) hz ( 2 ), . 

Tp{l/K)Tpi-l/K) 0(zp-V-p) e 1 


Finally, in the basis {vm 'S' vi, vi ^ Vm} for Vm,i, we have 

( rp(l— 2 ro)rp(l+ 2 ro) 0 {zp~^^-jp) ^ rp(l+2ii7)rp(l+2ii7) 0 ( 2 ;p) ~ \ 

rp(l + l/K)rp(l —I/k) &lzq-‘-,p) 1 rp( 2 ro+l + l/K)rp( 2 ro+l — 1 /k) 0 ( 2 ij^;p) 2 

rp(l-2ti7)rp(-l-2ti7) 0{zp;p) eiz rp(l+2ro)rp(-l-2ro) S(zp/+/^jp)_ ^ 

rp(—2zu+l/K)rp(—2zu — l/K) &(zg'^;p) e rp(l/K)rp( — 1/k) B(zq'-^-,p) e / 

with z = x/y = Then Rk{u, A) has the form 


(3.3) 


Rkiu,X) = f{z 


- 1 ^ 


Kz) 

'h{z-^[ 


n 

(E 

m=0 




m,m ' 


0 ^ X)Em,m 0 Ei^i + 0 

m^l 


where, for m < I 

m,i, Tp{l + 2w)Tp{l + 2w) _ Q{z]p) , 

^ ’ rp(2tu + 1 + 1/K)rp(2tz7 + 1 — 1 /k) Q{zq^‘,p) ^ 

I,m, XX _ rp(l - 2tz7)rp(-l - 2ro) 0(2:ff;p) eiz 
^ ’ rp(—2tr7 + 1/K)rp(—2tr7 — 1/k) Q{zq^;p) e 

' _ rp(l + 2ro)rp(-l - 2w) 0(V+^^;p) e2Z 
^ rp(l/K)rp(-l/K) Q{zq^]p) e 

XX ^ rp(l - 2ro)rp(l + 2w) e{zp-‘^^;p) „ 

^ rp(l + 1/K)rp(l - 1 /k) Q{zq^]p) 


Using identities (B^), (B^) and recalling the expressions for e, ei, 62 we get expressions for 
written exclusively in terms of 0 functions 


/om/. XX _ _- 22 ^ 0(r;p) 0(V“;p) 


<d(j)-2^-,p) Q{zq^;p) 


For a]f we only get 


m,i, XX 2 0(P 9 ;P) Q{z]p) 

“fc = ^rn,l q 


r,i,m, XX ^ &{q ,p) &{zp ^^;p) 

^ Q{p~^^;p) Q{zq‘^;p) 

Q{p-'^^q^]p) e{z;p) 


Lm/ \\ 

«fc 


where 


( 7 l^rn{X,k) = q 


Q{p ‘^^■,p) Q{zq‘^;p) 

Fp(l + 2tJ7 + 1/k) Fp(— 2ro) 

Fp(l + 2 ci 7 ) Fp(— 2 n 7 + l/K) 


Q{p 2 “;p) Q{zq^]p) 
1 


and am,i{X,k) = 


^l,m{X, k) 


(3.4) 

(3.5) 

(3.6) 
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3.3 The Elliptic R-Matrix 


We now calculate the gauge transformations that show that the exchange matrix for the stan¬ 
dard representation of C/q(s[„+i) is gauge equivalent to Felder’s elliptic solution for the the proper 
parameters. 


we 


The exchange matrix is a solution of O) with step 1. The first gauge transformation 
apply is (F^). It just removes the function and doesn’t change the step. For the next 

steps we need to write the exchange matrix in terms of i?!. As usual we set z = and also 


p = 


T = 


log p log q 

27ri ni 


and use (B. 6 ) and the fact that is an odd function to obtain, for m < I 


m,l / \\ 

/3r'(AA) 


di(2rur — t/k; t) di(u;T) 
'di(2tz7T;r) 'i?i(?x + t/k; r) 

'di(—2rur;r) 'di{u + t / k-,t) 

'di(— t/k; t) — 2wt-, t) 

^i{2wt]t) '&i{u + t/k] t) 

'i?i(u + 2ti7T;r) 
'&i{—2tut;t) 'di{u + t/k;t) 


Then set 


7 = —t/k = 


\ogq 


7^^ 


and apply gauge transformation (O) with a = 1, 6 = I /7 and p = —p. This changes the step to 
7 . One easily checks now that 

^m,lW = CFl,m{^h - 

is a 7 -closed 2-form and apply gauge transformation (|l.4| ) to finally obtain Felder’s solution for 
these 7 and r. 

Now that we have identified 7 and r, it is interesting to observe how they appear also in the 
function 

Va.r.7) = /(^-‘)^ 

with the usual identifications z = ^ q = Recalling the expression for f{z) 

(2.7) and h{z) (^.13 ) we see that x can be written as 

n 

X(u,r,7) = g-+iPiP2RsEi 


where 


j,i=o 

00 

n 

j,i=o 




1 _ q2j{n+l)pl+l^ 

1 _ g2j(n-|-l)^i-|-l^-l 
\ — q2j{n+l)pl-{-lq2{n+l) 2 ^ 


(1 - g2j(n+l)^2(n+l)^-l^ 


{l-q 


2jin+l)^-l-^ 
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ft = 


ni 


1 _ gr2i(n.+l)pZ+1^2^ 


.1 1 _ q2j { n + l ) pl + lq2n^-l _ q2j { n + l ) q2n ^- l ^ 

j -0 


^ 1 _ g2j{n+l)pl+1^2n^ 

^4= 11 Y 


^.1^ 1 — q‘^j{n+i)pl+iq2^-i _ q2j{n+i)q2^-i^ 


Each of these products can be written in terms of a single elliptic gamma function (B.7) as follows 


1 — gi0’+l)2("-+l)p^2 ^ 1 _ gi(i+l)2(ri+l)pZ+l(^p 

‘ 1 - 5j2(«+iy+l2 ” .y,, 1 - ” «(-« + ’■.('*+1)7 .t) 


n 


1 _ gj2(n+iy ^-1 


1 


-LJ- 1 — grO+l) 2 (n.+l)pZ+l 2 : re(tt, (n + 1 ) 7 , r) 

1 _ gii2(n+l)p/+1^2^ “ 1 — 

3 “ 11 1 _ gj2(n+iy^-l “ 11 1 _ q(j+l)2{n+l)pl+l(^pq2^yi 

j,l=0 j,l=0 

1 


re(-u + r + 7, (n + 1)7, r) 


“ I _ qj‘2{n+l)pl+lq2n^ ^ 1 _ g(i+l)2(n+l)^Z+l ^^2^ 1^ 1 

^ J-J- — qj2{n-\-i)plq2 2^—1 


qj^\'^-r^jp''q^z ^ 1 — (7j2(n+l)pZZ„2_j, 

j,Z=0 ^ j,Z=0 


jpLq. 

= re(u + 7, (n + l)7,r) 


The elliptic gamma function was studied in |FelV9S]. 


Appendix 

A Second Order Difference Equations and the q-Hypergeometric Function 


Consider a second order difference equation of the form 

{Aqz + Bo)f{p^z) + {Aiz + Bi)f{pz) + {A 2 Z + B 2 )f{z) = 0 (A.l) 

For generic values of the coefficients this equation reduces to the Heine’s q-hypergeometric equation 


(see [|EFK98|| ) 


(p^+ft + {-{p^+p^)z+p^-^ + l)f{pz) + {z- l)f{z) = 0 


7-1 


Z -1 


(A. 2 ) 


Proposition A.l. Let rj,Sj,tj,Uj,j = 1,2, be the solutions of 


p2-Ho+p“ft + ft = 0, 


^2 


P^^ = -{P^+P% 
A2 


/"f =p-‘ 

B2 


Then the functions 

/(j)(^) = -ZA 2 IB 2 ) 

are the only solutions of ( |2.17| ) of the form f{z) = z^g{z) for some g{z) regular in a neighborhood 
of 0 such that ^(O) = 1, where 2 <^i is Heine’s q-hypergeometric function. 
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The function f{z) = 24>i{p^^ satisfies 

(1 -p^z)f{p^z) + ((p*+^ +p^)z - (/ +/))/(j>2) + -P^"^^z)f{z) = 0 (A.3) 


which is obtained from Heine’s q-hypergeometric equation ( |A.2| ) after replacing z hy z This 
equation can also in general be reduced to ([A.2|) with new parameters {r,s,t) given by 


(/, s', t') = {r,r — t + l,r — s + 1) 
and one concludes 
Proposition A.2. The functions 


or 


(r", s", f) = {s-t+l,s,s-r + l) 


gi{z) = 

g,(z) = 


are solutions of (A.2) quasimeromorphic on C* U oo 


(A.4) 


Let Tg be the q-gamma function and Q{z;q) be given by (BT). Then we have the following 
theorem for the q-hypergeometric functions ||GaRa9C| , |EFK98|] 

Theorem A.3. 24>i{p^iP^tP^'^P: z) = A{z)gi{z) + ^l{z)g 2 {z) where 

^ Tp{t)rp{s - r) e{zp'^;p) 


0 ( 2 ) = 


rp(s)rp(t-r) e{z-p) 

^pit)Tp{r - s) e{zp^-,p) 
Tp{r)Tp{t-s) e(z;p) 


B Theta, Elliptic and q-Gamma Functions 

We recall the expressions and identities used 

0(2; «) = 11(1 - z„^)(l - 2-V+‘)(i -«!+') r,(a) = (1 - «)■-“ n 

j>0 j>0 ^ 

Then 


zG{qz-,q) =-e{z;q) zG{z]q) =-qQ{q ^Z]q) G{qz]q) = Q{z ^]q) 


.-1. 


Let C{q) = {l-q){q;q)l^ = (1 - g) (ni>o(l “ 

C{q) 


rg(a)rg(l - a) = 


e{q^;q) 


rg(l + a) = {a}grg(a) = l-^rg(a) 


From this we get 


rg(a)rg(2 - a) 
rg(a)rg( —a) = 


^ {1 - a}qC{q) ^ {g - l}gC(g) 
0(g“;g) 0(g^““;g) 

C{q) C{q) 

{-a}g 0 (g“;g) {a}qQ{q-^;q) 


(B.l) 


(B.2) 


(B.3) 


(B.4) 
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Now the relation between the theta function 0 and the standard first theta function 


^i(n;r) = - 


^TTi{j+l/2)^T+2Tri{j+l/2){u+l/2) 


j=-oo 


-i e^e™ n “ g-27rm^g2«ry^ _ ^2niu(^^2niTy+1^ _ ^^2niTy+y 

j=0 


As an immediate consequence of the first expression we see that 'di is an odd function on u. Letting 
z = and q = we get 

Q{z;q) = iq~^^^z^^‘^'&i{u;T) (B.6) 


Finally the elliptic Gamma function is given by 

^ 1 _ g27ri((j+l)C+d+l)(J-u) 
re(lt, CiC^) — 11 ^ _ 27Ti{jC+la+u) 

j,l=0 


(B.7) 


C Proof of Proposition |2.3 

Using Jimbo’s morphism, one sees that the only factor of p{fo) that acts non trivially on the 
standard representation is 6162 = Flo,n- For brevity of notation, we will write /o instead of 

Pzifo)- Let m < I and define 

PR{z){Vm®Vi) = am,l{z){Vm ® Vi) + Pm,liz)ivi ® Vm) 

PR{z){vi®Vm) = ai^rn{z){Vm®Vi) + Pl,miz)ivi ® Vm) 

PR{z){vi ® Vi) = li{z){vi ® Vi) 

Fix I ^ 0,n. We have 

PR{x/y)A{fo){vn ® vi) = PR{x/y){x~^VQ ® vi) = x~^ao,i{x/y){vo ® vi) + x~^Po^i{x/y){vi ® vq) 
By the intertwining property this is also equal to 

A{fo)PR{x/y){Vn®Vl) = A{fo)(y)(n,li^/y){vi®Vn)+Pn,li^/y){Vn®Vl)^ 

= X-^an,l{^/y){vi ® + y~^Pn,l{^/y){vO ® Vl) 

and we conclude 

®0,Z zf3n^l Po,l CXn,l (F*'!) 

The same calculation with I = 0 will give us 

qOnfl + zf3nfi = 1 (C.2) 

Now we fix m < f and perform the same calculation with 

PR{x/y)A{em){vm ® u) = A{em)PR{x/y){vm ® vi) 


to get 


— Oim,l Pm—1,1 — Pm,I 
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Therefore 


^m,l ^ 0 ,/ l^m,l Po,l Tfl I 


Also, for PR{x/y)A{ei){vi 0 vi) = A{ei)PR{x/y){vi (g) vi), we get 

7i = ai-i^i + qai^i-i = g" + A,/-i 

For m > / we do the same thing replacing by fm+i and find 

Oim,l — Otn,l — Pn,l TTl ^ I 

Now PR{x/y)A{eifo){vn ® vi) = A{eifo)PR{x/y) with / / 0,n will give 

qan,i + zPn,i = 1 

*ao,Z —1 ~ Zf3n,l Cin,l ~ Po,i—i I ^ 0,l,n 


Then we combine ( p.7|) , (|C.]j) and (p.3|) to get 

(^m,l — Cto,l — /^0,1 Vn <i I 

Once more the same argument with PR{x/y)A{fi){vo (S> vg) provides 

grapo + ao,i = 1 g/^i,0 + /?0,i = Q 


Now apply (|C.5D with m = 1 in ( p.2|) and use (|C.g|) to get 

ao,i = (1 - q~^/3o,i)z 

Then we use in sequence on the right hand side (|C.lD , (p.6|) and (CT) to finally obtain 




. X g-g 

ao,i{z) = -x- 

q — q~^z 


and (p.9|) implies 


ai,o(^) = 


1-z 
q — q~^z 


Going back to the intertwining program we also get 

(^m,l ®1,0 Pm,I Pl,0 


m > I 


and we are done with all aij and Pij after using o, o, (|C.5P Equation (|C.4D will 
T = 1 


(C.3) 

(C.4) 

(C.5) 

(C.6) 

(C.7) 

(C.8) 

(C.9) 

(C.IO) 

(C.ll) 

(C.12) 
then tell 
□ 
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D The Expression for Qn+i 


Recall the definition of the matrix 


Tn+l — 


( 1 zp{z) 
p{z) 1 

• • • 


zp{z)\ 



zp{z) 

^ / (n+l)x(n+l) 


We will calculate detT„_|_i. First observe that detT„+i is equal to the determinant of the 


following matrix 

/ 

1 zp{z) 


zp{z) \ 


p{z 

) — 1 1 — zp{z) 

0 

0 



0 p{z) — 1 

1 — zp{z) 

0 


V 

0 

0 

p{z) — 1 1 — zp{z) y 


obtained from Tn+i by substituting the i-th row by itself minus the (i-l)-th. We calculate the 
determinant using the last collum to obtain 


detr„+i = (1 - zp{z))(leiTn + {-l)'^zp{z){p{z) - I)” 


Similarly (just transpose Tn+i and do the same thing) we see that detT„+i is also equal to the 
determinant of 


and 

Therefore 


/ 1 


p{z) 


zp{z) — 1 1 — p{z) 

0 


0 


p{z) \ 
0 


0 


zp{z) — 1 1 — p{z) 

0 ••• 0 zp{z) — 1 I — p{z) J 

det Tn+i = (1 - piz)) det + {-l)^p{z){zp{z) - 1) 
{zp{z) — 1)"' — z {p{z) — I)” 


detr„ = (-l)^ 


1 -z 


For our p{z) = we finally get 


det Tr, = 


(1 - q^^z){l - z) 

(1 — q^z)'^ 


n—1 


E Useful Formulas 

Recall that f) can be identified with the subspace of where the sum of the entries of its vectors 
vanishes. Then we have 


hi 


n + 1 




(E.l) 
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The invariant symmetric bilinear form is just < (Aq, • • •, A^), {fJ-o, ■ ■ ■, Hn) >= Yl Using <, > 
to identify f)* with 1) we find that the simple roots coincide with the hi and that the fundamental 
weights are 


uji = ——(n + I - i,... ,n + I - i, -i,..., -i) (E.2) 

n + 1 

where the change occurs from the i-th to the i+l-th coordinate. 

Recall that {vm} (m = 0,..., n) is the canonical basis of and that Hm is the weight of Vm- 
We know that /tq = and = —Un- The expressions for the other are 

hra = (E.3) 

n + 1 

where the different coordinate is the m+l-th. Then 

Tl — 1 

<Hm,hm>= — T <^m,hl>= “T < Hm + hh hi - hm >= ^ (E.4) 

n + 1 n + 1 

for all m,l. We didn’t need the following two, but we collect them too {m ^ 1) 

n — 1 

^ hm hli hm hi ^ hm hh hm T /i/ > = 2 j — 

n + 1 


Finally we collect the expression for p 

p = ^ ^ (1,1,... , 1) - (0,1,..., n) 


F Fusion Matrix for the Standard Representation of Uq{5i 


n+l j 


We just mention the formula referring to [ ES9E , EV98 , EV99 | for the proof and a more detailed 
development of the theory. 


q-q 


T(A) - ^ Ei^i ® Ejj + ^ ^ ® ^i,j 


(F.l) 


i,j=0 i<j 

In our notation g 2 (Ai-Aj+j-i) _ q 2 <\+p,iii-fij>_ Actually, knowing that J is triangular with Is in 
the diagonal, proposition ^ provides a proof of (F.l). 


G Warnings 

We list some computational errors we have found in some previous publications. They surely do 
not affect the theory developed in those papers, but are important if one needs to perform precise 
calculations. 


1. The version of proposition |2.1| found in |[FR92| ] (theorem 4.2 there) is not correct as stated. 
Also the formula for rvy{z) on page 28 (which should correspond to Qn+iiz)~^) is not correct 
(compare with (p.(]|)). We used the corrected version found in | EFK98| where one can also 
find a more general expression (for any finite dimensional representation) in the case of 3 ( 2 . 
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2 . 


The expressions for (x, y) and for Rk{u, A) found here can be used to deduce the fusion 

and exchange matrix without spectral parameter if one picks the corresponding constant 
coefficients. One then should correct the expression of the exchange matrix of Uq{5l2) for the 


standard representation found in [ ES99(| (the term does not appear correctly there). 


The version of proposition 2.5 found in | EFK98(| (chapter 11) does not give fusion solutions. 
The solutions listed there are actually our solutions ( p.l9|) . One should then correct the 
expression for the connection matrix found in chapter 12. In the case of the standard rep¬ 
resentation the final answer is given by theorem 1.3. We do not give the correction for the 


general situation found there since we have not treated it here. We remark that one should 
read chapter 12 of | EFK98 | as the guideline for those calculations (as we did here), but should 
always check the expressions. 
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